Abstract. We study the functional equation for the multi-signed Selmer groups for non-ordinary motives whose Hodge-Tate weights are 0 and 1, defined by Büyükboduk and the first named author in [BL15]. This generalizes simultaneously Greenberg's result for ordinary motives in [Gre89] and Kim's result for supersingular elliptic curves in [Kim08] .
Introduction
Let p be an odd prime and F a fixed number field in which all primes above p are unramified. Furthermore, we assume that F/Q is an abelian extension with [F : Q] coprime to p. Let M /F be a motive defined over F . In [Gre89] , Greenberg developed an Iwasawa theory for a p-ordinary motive M. In particular, he showed that its p-Selmer group over the Z p -cyclotomic extension F ∞ of F satisfies a functional equation, namely,
where M is the dual motive of M, A ∼ B means that A and B are pseudoisomorphic as Z p Gal(F ∞ /F ) -modules and ι is the involution on the Iwasawa algebra that sends σ to σ −1 for σ ∈ Gal(F ∞ /F ). This result has been generalized to elliptic curves with supersingular reduction at p by Kim [Kim08] . That is,
where E is an elliptic curve with a p (E) = 0 and Sel ± p (E/F ∞ ) are Kobayashi's plus and minus Selmer groups from [Kob03] .
From now on, we assume that the p-adic realization M p satisfies: Note that (H.HT) would essentially force us to restrict our attention to abelian varieties. In this case, (H.crys) means that it has good reduction at all primes above p. If furthermore it has supersingular reduction at p, then the Frobenius has constant slope −1/2 on the Dieudonné module, which implies (H.Frob). Under these hypotheses, a family of multi-signed Selmer groups Sel I (M/F ∞ ) has been defined using the theory of Coleman maps in [BL15] (see §2 below for a review). 
where I c corresponds the sub-basis of
In [BL15] , the multi-signed Selmer groups are conjectured to be cotorsion over Z p Gal(F ∞ /F ) . Furthermore, a main conjecture relating them to some multisigned p-adic L-functions has been formulated. We remark that Theorem A holds even without the cotorsionness of the Selmer groups. In fact, it gives evidence to the main conjecture because the L-functions are expected to satisfy a similar functional equation.
The structure of this paper is as follows. We first review the construction of multi-signed Selmer groups of [BL15] in §2. We then show that the local conditions of these Selmer groups satisfy an orthogonality condition and a control theorem in §3 and §4 respectively. These two results allow us to conclude the proof of Theorem A using techniques of Greenberg and Kim, which is the content of §5. Finally, we explain in §6 that our result applies to abelian varieties and allows us to obtain the following theorem.
Theorem B (Theorem 6.1). Let A be an abelian variety defined over F with supersingular reduction at all primes above p.
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Review of the construction of multi-signed Selmer groups
Let us first introduce some notation. Let Γ be the Galois group Gal(Q p (µ p ∞ )/Q p ). Given any unramified extension K of Q p , we shall abuse notation and write Γ for the Galois group Gal(K(µ p ∞ )/K) as well. We may decompose Γ as ∆ × Γ 1 , where ∆ is cyclic of order p − 1 and Γ 1 = γ is isomorphic to the additive group Z p . We shall denote by K ∞ the subfield of K(µ p ∞ ) fixed by ∆, thus K ∞ is a Γ 1 -extension of K and we also set K n the subextention of
We write Λ for the Iwasawa algebra Z p Γ . We may identify it with the set of power series n≥0,σ∈∆ a n,σ · σ · (γ − 1) n where a n,σ ∈ Z p . We denote by ι : Λ → Λ the involution induced by σ → σ −1 for σ ∈ Γ and we identify γ − 1 with the indeterminate X. Similarly, we write Λ 1 := Z p Γ 1 , and we identify it with Z p X in the same way.
Let M be a Λ-module, η a Dirichlet character modulo p. We write e η = 1 p−1
for the idempotent corresponding to η. The η-isotypic component of M is defined to be e η · M and denoted by M η . Note that we may regard M η as a Z p X -module. We denote by M ι the Λ-module whose action is twisted by ι. Also, we write
We define H to be the set of elements n≥0,σ∈∆ a n,σ ·σ ·(γ −1) n where a n,σ ∈ Q p are such that the power series n≥0 a n,σ X n converges on the open unit disc for all σ ∈ ∆.
Suppose now that M is a motive satisfying (H.HT), (H.crys) and (H.Frob) as in the introduction. Let g := dim Qp (Ind F/Q M p ) and
c=1 , where c is the complex conjugation and write
p|p of F , we write D Fp (T ) for the Dieudonné module of the local representation
which admits the Frobenius action ϕ :
. We further assume:
. By (H.HT), the matrix of ϕ with respect to this basis is of the form
where I g± denote the identity matrices of rank g ± and C is some matrix inside GL g (Z p ). As in [BL15, Definition 2.4], we may define for n ≥ 1,
where Φ p n denotes the p n -th cyclotomic polynomial. By Proposition 2.5 in op. cit., the sequence M n , n ≥ 1 converges to some g × g logarithmic matrix over H, which is denoted by M T .
For each prime p|p of F , we write
where the connecting map is the corestriction maps. This allows us to define
The dual of Perrin-Riou's exponential map from [PR94] gives a Λ-homomorphism
By [BL15, Theorem 2.13], the logarithmic matrix
where Col T,i , i = 1, . . . , g are Λ-homomorphisms from H 1 Iw (F p , T ) to Λ, and we shall denote by Col T the column vector that appears on the right-hand side. The images of these maps are described in §2.5 of op. cit.. For I ⊂ {1, . . . , g}, we shall write Col T,I for the direct sum i∈I Col T,i . We record the following result, which we shall make use of later on in this article.
Proposition 2.1. Let I ⊂ {1, . . . , g} and η a character on ∆. Then, Im (Col T,I ) η is contained ins a free Z p X -module of rank #I inside i∈I Z p X . Furthermore, this inclusion is of finite index.
We recall equally the following result on the kernel of the Coleman maps (Lemma 3.22 of op. cit.), which we shall need.
Lemma 2.2. For any I ⊂ {1, . . . , g}, the Λ-module ker(Col T,I ) is free of rank g − #I.
Using these Coleman maps, the multi-signed Selmer groups are defined in §3.4 of op. cit. For a fixed I ⊂ {1, . . . , g}, with #I = g + , we define
† ) to be the orthogonal complement of ker Col T,I under the (semi-)local Tate duality
where
Here, the pairing is defined to be the sum of the local Tate pairings for all p|p. The I-Selmer group of
Conjecture 2.3. For all I as above and any characters η on ∆,
Orthogonality of local conditions
Let x be an element of H 1 Iw (F p , T ), we denote by x n its component in H 1 (F (µ p n ) p , T ). Let ∼, ∼ n be the (semi-)local Tate pairing
If x and y are elements of H 1 Iw (F p , T ) and H 1 Iw (F p , T * (1)) respectively, the elements
are compatible with respect to the natural projection maps for n ≥ 0. Thus, on taking inverse limit, one can define the Perrin-Riou pairing
There is also a natural pairing
We denote C * ϕ the matrix of the Frobenius on D p (T * (1)) with respect to the dual basis v ′ 1 , . . . , v ′ g . From duality we have the relation
As in (1), we may define (3)
Analogous to (2), we have the decomposition 
where σ −1 is the unique element of Γ of order 2 and ℓ 0 = log γ log χ(γ) with χ being the cyclotomic character. The explicit reciprocity law we stated is slightly different from the one stated in op. cit.. See [LZ14, Theorem B.6] for a proof of the above formulation.
Using (1) and (3), we may compute
Lemma 3.2. Let I ⊂ {1, . . . , g} and I c its complement. Then ker Col T * (1),I c is the orthogonal complement of ker Col T,I with respect to the pairing ·, · .
Iw (F p , T * (1)). By the explicit reciprocity law (5) and Lemma 3.1, we have
So, ker Col T * (1),I c is included in the orthogonal complement of ker Col T,I .
Lemma 2.2 implies that for all k ∈ {1, . . . , g}, there exists z k such that
Since this is true for all k ∈ I c , we have z ′ ∈ ker Col T * (1),I c as required.
Control theorem
We first deal with the case F = Q and then explain how to extend the results of this section to general F . Let f be an irreducible distinguished polynomial in Λ 1 , e and m positive integers. Set
In the following, we assume :
Since the absolute Galois group of Q p,∞ acts trivially on Λ 1 /(f e ), (H.F) and (H.nT) are satisfied by T † f e , and (H.F) and (H.nT) also hold for T * (1) † by duality. The hypothesis (H.nT) together with the inflation-restriction sequence allow us to identify
Furthermore, the long exact sequence induced from 0
For I ⊂ {1, . . . , g}, we define
which is an isomorphism by hypothesis (H.F) and inflation-restriction sequence as ∆ is of order (p − 1) and
is finite of order a power of p. We define also
Proof. We only prove the lemma for A = T † f e , which would imply the other cases. Let Σ be a finite set of places of Q containing all places where T is ramified, all places over p and the infinite place. We write Σ(F n ) for the places of F n dividing those in Σ and let Q Σ be the maximal extension of Q unramified outside Σ. Then
Here H 1 f is the unramified subgroup. Let
be the restriction map and write
We have similarly λ * ,i , G * ,i , K * ,i for A * . For all v ∈ Σ(F n ) the orthogonal complement of L v under the local Tate pairing is L * v (this is a classical result when v ∤ p and Lemma 3.2 when v = p). Thus we have
By global duality #K * ,1 = #K 2 , we obtain
Thus, we have
the local Euler characteristic formula tells us that #H
On the other hand, global duality and (H.nT) tell us that # coker
Hence, on combining all the equalities above, we obtain 
From hypothesis (H.F),
If we write (·) ∨ for the Pontryagin dual,
Proposition 2.1 gives an inclusion of Im Col Note that our result is actually weaker than [Kim08, Lemma 3.3], which in fact gives an equality. However, our result is sufficient to prove the following generalization of Lemma 3.4 in op. cit.. Lemma 4.2. For all positive integers n and m, the natural map
Similarly, suppose that F/Q is a general abelian extension in which p is unramified with [F : Q] coprime to p, we may prove the above results for an isotypic component corresponding to a character of Gal(F/Q).
Proof of functional equations
We first review the following proposition of [Gre89] , which is a crucial ingredient of our proof for the functional equation.
Proposition 5.1. Let X and Y be two co-finitely generated Λ 1 -modules such that i) for all irreducible distinguished polynomial f ∈ Λ 1 and positive integer e,
ii) for all positive integers n and m, #X
is bounded as n vary.
